In this work we explore the boundary conditions in the Einstein-Hilbert action, by considering a displacement from the Riemannian manifold to an extended one. The latter is characterized by including spinor fields into the quantum geometric description of spacetime. These fields are defined on the background spacetime, emerging from the expectation value of the quantum structure of spacetime generated by matrices that comply with a Clifford algebra. We demonstrate that spinor fields are candidate to describe all known interactions in physics, with gravitation included. In this framework we demonstrate that the cosmological constant Λ, is originated exclusively by fermionic fields and therefore these coherent fields could be the primordial components of dark energy. Finally, we calculate Λ in a de Sitter (inflationary) expansion of the universe.
I. INTRODUCTION AND MOTIVATION
One of the central problems in contemporary theoretical physics is the unification of quantum field theory with general relativity in a theory that contain both. In previous works we have developed a pure geometric spinor field theory on an arbitrary curved background, which is considered a Riemannian manifold [1] . In that theory, the spinor field with componentsΨ α is responsible for the displacement from a Riemann manifold to an extended manifold, and the covariant derivative of the metric tensor in the Riemannian background manifold is null: ∇ α g βθ = 0. However, the extended covariant derivative on the extended manifold (we denote the covariant derivative on the extended manifold with a || ), is nonzero: g αβ γ = 0 [2] . Furthermore, we consider the coupling of the spinor fields with the background and their self-interactions in a generic manner. The theory is worked in 8 dimensions, 4 of them related to the space-time coordinates (x µ ), and the other 4 related to the inner space (φ µ ), described by compact coordinates. The former have the spin components as canonical momentums: (s µ ). To describe the spacetime in a more general manner which can describe a non-commutative algebra, we shall consider that it is generated by a base of 4 × 4-matrices,γ α that generate an globally hyperbolic spacetime. These matrices generate the background metric and we include the spinor information in the spacetime structure that can describe quantum effects in a relativistic framework: {γ α ,γ β } = 2 g αβ I 4×4 , where I 4×4 is the identity 4 × 4-matrix.
On the another hand, the boundary conditions in the minimum action's principle is a very important issue which must be taken into account to develop a physical theory [3, 4] . For simplicity we can consider this topic in a general Einstein-Hilbert (EH) action I = d 4 x √ −ĝ R 2κ +L . It is important to notice that, after variation, we obtain
where κ = 8πG/c 4 , T αβ = 2 δL δg αβ − g αβL is the stress tensor that describes matter andL is the Lagrangian density. The last term in (1) is very important because takes into account boundary conditions. When that quantity is zero, we obtain the well known Einstein's equations without cosmological constant. The condition of integrability expresses that we can assign univocally a norm to any vector in any point, so that it must be required that
whereδ W α =δΓ ǫ βǫ g βα −δΓ α βγ g βγ is a 4-vector originated in the displacement: δΓ α βγ , with respect to the background manifold, which will describe with the Levi-Civita connections:
this is a particular case of the boundary conditions in (1). Another particular case is g αβ δR αβ = 0, which give us the standard Einsten's equations: G αβ + κ T αβ = 0 from (1).
In the general case, the classical Einstein equations, with boundary conditions included, results to beḠ
withḠ αβ = G αβ − Λ g αβ . It is well known that Heisenberg suggested an unified quantum field theory of a fundamental spinor field describing all matter fields in their interactions [5, 6] . In his theory the masses and interactions of particles are a consequence of a self-interaction term of the elementary spinor field. The fact that manifolds with no-Euclidean geometry can help uncover new features of quantum matter makes it desirable to create manifolds of controllable shape and to develop the capability to add in synthetic gauge fields [7] . In our case, the full connections will be defined byΓ
which are an extension of whole introduced in[1, 2, 8] . Here,Ψ α are quantum spinor fields that can represent rather bosons or fermions and ǫ is a dimensionless parameter to be determined. In the classical General Relativity theory Λ is an invariant on the Riemann manifold, but not on the extended manifold (4) . In this framework, the flux on the extended manifold is given by
where || denotes the covariant derivative on the extended manifold defined by (4), with selfinteractions included. These self-interactions will describe quantum properties of spacetime, such that we must requireḠ
where
are respectively the expectation values of the operatorsΛ andḠ αβ on the volume of the Riemann manifold v, which we shall study with more detail later, in Sect. (IV).
In this work we explore the quantum physical consequences when the boundary terms (5) are considered by extending the formalism of USF developed in previous works, in order to make an exaustive study of the nature of the flux through the 3D-gaussian hypersurface and the physical consequences. In Sect. (II) we describe the quantum spacetime. In Sect. (III) we develop the quantum dynamics of the spinor field componentsΨ α on the extended manifold. In Sect. (IV)
we introduce the theoretical expression for the cosmological constant by studying the flux through the gaussian hypersurface in the boundary conditions of the minimal action principle and we demonstrates that Λ is originated exclusively by fermionic fields. In the Sect. (V) we calculate the value of the cosmological constant Λ in a de Sitter expansion of the universe. Finally, in Sect. (VI)
we develop some final comments.
II. QUANTUM STRUCTURE OF SPACETIME
In order to describe the dynamics of the operatorsΨ α we must take into account the quantum structure of spacetime. To propose a description we shall consider that this spacetime is generated by a base of 4× 4-matrices,γ α . Theγ α = E µ α γ µ matrices which generate the background metric are related by the vielbein E µ α to basis γ µ in the Minkowski spacetime (in cartesian coordinates). By introducing these matrices we aim to include the spinor information in the spacetime structure and construct a non-commutative basis that can describe quantum effects in a relativistic framework.
The Dirac and Majorana matrices are good candidates, but in general it is possible to use any basis that describe a globally hyperbolic spacetime, which is the global geometry necessary to obtain relativistic causality. It is expected that the background spacetime can emerge from the expectation value of a quantum structure of spacetime. We consider the variation δX µ , of the quantum operatorX µ , which can be represented aŝ
such that b † k and b k are the creation and annihilation operators of spacetime, with
We shall use the Heisenberg representation of the states |B , in which the states do not evolve over time, but yes do it the operators. In an analogous manner we introduce the variation δΦ µ of the quantum operatorΦ µ that describes the quantum inner space
In our case the background quantum state can be represented in a ordinary Fock space in contrast with LQG [9] , where operators are qualitatively different from the standard quantization of gauge fields. These operators can be applied to some background quantum state in the background curved space time and they comply with
where φ α are the four compact dimensions related to their canonical momentum components s α that describe the spin. The squared norm of the bi-vectorial space ofδΦ, and the inner product of
whereΦ α = φγ α ,X α = xγ α are respectively the components of the inner space and the coordinate
where I = γ 0 γ 1 γ 2 γ 3 is the pseudoscalar, I 4×4 is the identity matrix, and we define ǫ µ αβν = g µρ ǫ ραβν , with:
if ραβν is an even permutation of 0123 −1 if ραβν is an odd permutation of 0123 0 in any other case,
.
We shall consider the Weyl representation of matrices in cartesian coordinates:
where the Pauli matrices are
The idea to introduce these matrices is generate a globally hyperbolic spacetime where theses matrices are the generalization of the unitary vectors, to describe the quantum spinor fields in the spacetime and construct a non-commutative basis that can describe quantum effects in a relativistic framework. In other words, spacetime and matter are described by the same tetra-vectorsγ µ . The
Dirac and Majorana matrices are good candidates, but in general it is possible to use any basis that describe a globally hyperbolic spacetime, which is the global geometry necessary to obtain relativistic causality.
The line elements to describe both, the coordinate spacetime and the inner spacetime, are
Notice that the coordinated spacetime takes into account only symmetrized contributions with respect to the matrices product, but the inner line element becomes from a bi-vectorial product that takes into account symmetric and anti-symmetric contributions of matrices. The bi-vectorial squared norm of the spinorŜ, is
whereŜ µ = sγ µ . Each component of spinŜ µ , is defined as the canonical momentum corresponding to the inner coordinateΦ µ , such that one can define an universal bi-vectorial invariant:
with n-integer. In this framework, gravitons (which have s = 2 ), will be invariant under φ = n π rotations, vectorial bosons (with s = ), will be invariant under φ = 2nπ) rotations, fermions with s = 1 2 will be invariant under φ = 4nπ rotations, meanwhile fermions with s = 3 2 are invariant under φ = 4 3 nπ rotations. We define the variation of the metric tensor on the extended manifold, with respect to the background curved (Riemannian) manifold
We can make the Fourier expansion of the quantum field on the space (12):
whereŜ α = sγ α is the spin operator.
III. QUANTUM DYNAMICS OFΨ α ON THE EXTENDED MANIFOLD
The boundary terms in (1), on the extended manifold described by the connections components (4), are given by (5) , where g αβ δR αβ = δΘ(x α ) = Λ g αβ δg αβ is the flux of the 4-vectorδ W α that cross any 3D closed manifold defined on an arbitrary region of the background manifold, which is considered as Riemannian and is characterized by the Levi-Civita connections. Here, we are considering the covariant derivative of the metric tensor and some vector on the extended manifold, with self-interactions included, which are respectively given by
where ξ is the self-interaction constant, ∇ γ g βα = 0 is the covariant derivative on the Riemann manifold, and denotes the covariant derivative on the extended manifold. These fields obey respectively the quantization rules
where cτ is the size of the causal radius, c is the light velocity in the vacuum, τ is same characteristic time-scale of the self-interaction, such that in a cosmological framework we could take τ = 1/H, where H is the Hubble parameter. Furthermore, η g is the squared root of the ratio between the determinant of the Minkowski metric: η µν and the metric that describes the background: g µν . This ratio describes the inverse of the relative volume of the background manifold. In this fashion the theory includes the effects of a quantum field in the geometry of spacetime.
In order to obtain the dynamic equations of quantum spinor fields on the extended manifold, we must variate the Ricci tensor using the Palatini identity [13] , δR α
This tensor has both, symmetricÛ βγ and antisymmetricV βγ contributions:
Furthermore, the purely antisymmetric tensorδ R α αβγ ≡Σ βγ , iŝ
which, once we set ǫ 1 − ξ 2 = i g, is the Yang-Mills tensor on the curved background manifold and describes for example the gluonic (strong) interactions of quarks. Notice that (22) being the coupling constant of the strong force. The experimental value is α s ≃ 0.1182 [14] , that corresponds to ǫ(1 − ξ 2 ) = 1.218746 i).
The Einstein tensor on the extended manifold can be defined using the symmetric contribution of the Ricci tensor (19):δ G βγ =Û βγ − 1 2 g βγÛ , withÛ = g αβÛ αβ :
In order to describe massless bosons and charged bosons, we defineN βγ = 1 2V βγ + 1 4Σ βγ and
The symmetric tensorδ G βγ , with the antisymmetric onesΣ βγ ,N βγ andM βγ , describe all the possible interactions of fermions and bosons on the extended manifold. On one hand, we see that N βγ corresponds to a Yang-Mills strength tensor, and describes massless bosons like photons or gravitons with self-interactions included. On the other handΣ βγ describes bosons which interact with colour charge (like gluons). We can see thatN βγ is independent of the coupling and all the coupling-related information is on the tensorM βγ . Also,M βγ does not contain a free-like term, so that can describe massive and charged vector bosons (may be X ± and Y mediators predicted 
IV. BOUNDARY CONDITIONS, FLUX AND ORIGIN OF THE COSMOLOGICAL CON-
STANT
We consider the extended flux through the 3D-Gaussian hypersurface described by (5) . From the equations (6) and (23), we can writē
such that, we obtain
Hence, we promote as a quantum operatorΛ, with expectation value Λ = − 1 4 δG:
Notice that the origin of Λ becomes from the anticommutator Ψ α ,Ψ β , which is orginated exlusively by fermionic spinor fields. In the following section we shall calculate Λ in a cosmological de Sitter expansion that describes the inflationary expansion of the primordial universe [10] [11] [12] , in order to estimate its value due to primordial fermionic fields. Notice that if
the flux in (1) is g αβ δR αβ = ∇ α δW α , and the cosmological constant (30) becomes Λ = 0. This is a manifestation that non-integrability in the flux through the Gaussian 3D-hypersurface in (1) have a purely quantum nature. Furthermore, the antisymmetric tensor V αβ in (21), becomes the Faraday tensor F αβ , which describes classical electrodynamics, for ǫ = 1.
V. DE SITTER EXPANSION: FERMIONIC ORIGIN OF COSMOLOGICAL CONSTANT
To explore the model we shall consider a de Sitter (inflationary) expansion, where the background spacetime is described by the line element
where η, that runs from −∞ to zero, is the conformal time of the universe, which is considered as spatially flat, isotropic and homogeneous. In a de Sitter expansion the scale factor of the universe is a(η) = − 1 H η . If the expansion is governed by the inflaton field ϕ, and it is non-minimally coupled to gravity, the universe can be described by the action
where the scalar potential is a constant V (ϕ) = 3H 2 κ and the prime denotes the derivative with respect to η. Furthermore, H = (a ′ /a) is the Hubble parameter which remains constant during the de Sitter expansion [15] . The background inflaton field has the equation of motion
with solution ϕ(η) = ϕ 0 . Therefore, the kinetic component of L ϕ is zero.
The matrices that generates the spacetime g µν = (1/2) {γ µ ,γ ν }, are:
with the γ µ given by (11) . Finally, using the expression (30) with the background metric (32), and the quantization rules (17), we obtain the cosmological constant
Notice that this is zero when the flux through the 3D-hypersurface is integrable, that is, when ξ 2 − 1 − ǫ = 0. Therefore, Λ is originated by quantum self-interacting contributions of primordial coherent fermionic fields, such that
for
The second inequality in (38) assures that the flux through the 3D-hypersurface is not integrable.
VI. FINAL COMMENTS
We have studied an USF theory that includes both, a quantum description of spacetime and a relativistic description of spinor fields which describes bosons and fermions on curved background spacetimes described by a Riemann manifold. To make it, we have used as generators of the 4-quantum-operators the 4 × 4-γ µ matrices, which comply with the Clifford algebra, and assures that all operators do that. In this framework, the extended Ricci tensor has symmetric and antisymmetric contributions, but not as a consequence of the torsion, rather originated by the structure coefficients induced by the Clifford algebra of the generators γ µ , with we construct the operators and the spacetime. The spacetime has 8 dimensions, 4 dimensions coordinates and 4 that describes the inner space φ µ with canonical moments s µ that describes the components of spin.
All the quantum spinor fields become from the boundary terms in (1), on the extended manifold described by the connections components (4). The flux through the 3D-gaussian hypersurface is given by (5), where g αβ δR αβ = δΘ(x α ) = Λ g αβ δg αβ is the flux of the 4-vectorδ W α =δΓ ǫ βǫ g βα − δΓ α βγ g βγ that cross any 3D closed manifold defined on an arbitrary region of the background Riemann manifold. In order to δI = 0 in (1), we must require that the extended manifold be an Einstein's one: δR αβ = Λ δg αβ , so that, because δg αβ g αβ = −δg αβ g αβ , we obtain the extended Einstein's equations (3). As we have shown in Sect. (IV), this implies that the "cosmological constant" becomes from the extended Einstein tensor: Λ = − 1 4 δG. Of course, in general Λ is not a constant on the extended manifold, but in the example of a de Sitter expansion, which was studied in this paper, it is so. We have calculated its value, which is determined exclusively by fermionic contributions. Of course this is explained only by an entanglement of quantum fermions (with spin 1/2), which are coherent at the beginning of the expansion of the universe. They should constitute the large-scale dark energy in the universe.
